Abstract. New necessary and sufficient conditions for asymptotic stability of positive continuous-discrete linear systems described by the general 2D model are established. A procedure for checking the asymptotic stability is proposed. The effectiveness of the procedure is demonstrated on examples.
Introduction
In positive systems inputs, state variables and outputs take only nonnegative values. A variety of models having positive systems behavior can be found in engineering, management science, economics, social sciences, biology and medicine etc. An overview of state of the art in positive systems is given in the monographs [1, 2] . The positive continuous-discrete 2D linear systems have been introduced in [3] , positive hybrid linear systems in [4] and the positive fractional 2D hybrid systems in [5] . Different methods of solvability of 2D hybrid linear systems have been discussed in [6] and the solution to singular 2D hybrids linear systems has been derived in [7] . The realization problem for positive 2D hybrid systems has been addressed in [8] . Some problems of dynamics and control of 2D hybrid systems have been considered in [9, 10] . The problems of stability and robust stability of 2D continuousdiscrete linear systems have been investigated in [11] [12] [13] [14] [15] [16] [17] . The stability of positive continuous-time linear systems with delays has been addressed in [18] . Recently the stability and robust stability of Fornasini-Marchesini type model and of Roesser type model of scalar continuous-discrete linear systems have been analyzed by Busłowicz in [12] [13] [14] .
In this note new necessary and sufficient conditions for asymptotic stability of positive continuous-discrete linear systems described by the general 2D model and a procedure for checking the stability will be presented.
The following notation will be used: ℜ -the set of real numbers, Z + -the set of nonnegative integers, ℜ n×m -the set of n × m real matrices, ℜ n×m + -the set of n × m matrices with nonnegative entries and ℜ n + = ℜ n×1 + , I n -the n × n identity matrix.
Preliminaries
Consider the continuous-discrete linear 2D system [2, 3] 
Theorem 1. [2, 3] The continuous-discrete linear 2D system (1) is positive if and only if
where M n is the set of n × n Metzler matrices (with nonnegative off-diagonal entries). 
Asymptotic stability implies det[A 0 + A 2 ] = 0 and from (5) we have
Remark 1. From (1) for B = 0 it follows that the positive system is asymptotically stable only if the matrix A 1 − I n is Hurwitz Metzler matrix [1, 2] . In what follows it is assumed that the matrix A 1 − I n is a Hurwitz Metzler matrix. 
are positive, i.e. 
Main result
Proof. Integrating the Eq. (1) with B = 0 in the interval (0, +∞) for i → +∞ we obtain
If the system is asymptotically stable then by (4) from (10) we obtain
If the matrix A 1 − I n is Hurwitz Metzler matrix then for every x(0, +∞) > 0 such that (A 1 − I n )x(0, +∞) is a strictly negative vector, λ = +∞ 0 x(τ, +∞)dτ is a strictly positive vector and (9) holds. Now we can show that if there exists a strictly positive vector λ such that (9) holds then the positive system (1) is asymptotically stable. It is well-known that the positive system (1) with B = 0 is asymptotically stable if and only if the corresponding transpose positive systeṁ
is asymptotically stable. As a candidate for a Lapunov function for the positive system (12) we chose
which is positive for every nonzero x(t, i) ∈ ℜ n + . Using (13) and (12) we obtain
for for (9) holds then from (14) we have ∆V (t, x(i)) < 0 and the positive system is asymptotically stable.
Remark 2.
As the strictly positive vector λ we may choose the equilibrium point (6) since for λ = x e we have
Theorem 4. The positive system (1) is asymptotically stable if and only if both matrices i) all coefficients a 0 , . . . , a n−1 of the characteristic polynomial
are positive, i.e. a i > 0, i = 0, 1, . . . , n − 1,
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ii) the diagonal entries of the matrices
are negative, where
. . .
. . . a
To check the stability of the positive system (1) the following procedure can be used.
Procedure 1.
Step 1. Check if at least one diagonal entry of the matrix
is equal or greater then 1. If this holds then positive system ( ) is unstable [2] .
Step 2. Using Theorem 5 check if the matrix A 1 − I n is Hurwitz Metzler matrix. If not the positive system (1) is unstable. Using Procedure 1 we obtain the following Step 1. All diagonal entries of the matrix A 1 are less then 1.
Step 2. The matrix A 1 − I n is Hurwitz since the coefficient of the polynomial
are positive.
Step 3. The matrix
is also Hurwitz since (using condition ii) of Theorem 5) All coefficients of the polynomial are positive. Therefore, by Theorem 4 the positive system is also asymptotically stable.
It is well-known [2] that substituting A 0 = 0, B = 0 in (1) we obtain the autonomous second Fornasini-Marchesini continuous-discrete linear 2D systeṁ
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The autonomous Roesser type continuous-discrete model has the form [2] 
are the horizontal and vertical vectors and A kl ∈ ℜ n k ×n l , k, l = 1, 2. The model (22) 
we substitute i by i + 1. 2) We differentiate with respect to t the equation
Note that to operation 1) corresponds the multiplication of the Z transform by z and to the operation 2) the multiplication of the Laplace transform by s. These operations do not change the asymptotic stability of the positive system (model). To shift the unit circle of the complex plane in the left half of the complex plane we substitute z by z + 1. Taking into account 
and its coefficients are positive if and only if a 11 < 0, 0 ≤ a 22 < 1 and a 11 a 22 − a 12 a 21 > a 11 . This result is consent with the one obtained in [14] by different method.
Concluding remarks
New necessary and sufficient conditions for the asymptotic stability of continuous-discrete linear systems described by the general model have been established (Theorem 3 and 4). A procedure for checking the stability has been proposed and its effectiveness has been demonstrated on examples. The considerations can be also extended for fractional positive 2D continuous-discrete linear systems and linear continuousdiscrete 2D systems with delays.
